In this paper we study a fuzzy fractional integral equation. The fractional derivative is considered in the sense of Riemann-Liouville and we establish existence of the solutions of fuzzy fractional integral equations using the Hausdorff measure of noncompactness.
Introduction
The classical calculus provides a powerful tool for modeling dynamical processes in many areas of the applied sciences. However there are many complex systems in nature with anomalous dynamics such as signals transmissions through strong magnetic fields, interaction between ultrasound and bone, the dynamics of viscoelastic materials as polymers, atmospheric diffusion of pollution, network traffic, the effect of speculations on the profitability of stocks in financial markets and many more. In such systems the classical models are often not sufficient good to describe their features. However the theory of fractional calculus seems to capture some of the above phenomena. Fractional models appear in different areas of c 2012 Diogenes Co., Sofia pp. 572-590 , DOI: 10.2478/s13540-012-0040-1 applied sciences such as Material Theory, Transport Processes, Fluid Flow Phenomena, Earthquakes, Solute Transport, Chemistry, Wave Propagation, Signal Theory, Biology, Electromagnetic Theory, Thermodynamics, Mechanics, Geology, Astrophysics, Economics, Control Theory, Chaos and Fractals (see [22] ). A systematic study of the fractional differential equations can be found in [2] , [3] , [4] , [13] , [14] , [15] , [18] , [22] , [29] , [31] . For basic results related to fuzzy differential equations we refer the reader to [1] , [6] , [7] , [8] , [10] , [25] , [28] , [35] , [37] .
Fuzzy integral equations have been studied in [5] , [9] , [33] , [36] . In this paper we study the fuzzy fractional integral equation
(s), V u(s))ds,
where 0 < β < 1, V u(t) = t 0 k(t, s)u(s)ds, k : {(t, s) : 0 ≤ s ≤ t ≤ a} → R and F : [0, a]×E n ×E n → E n . Here E n is the space of normal, fuzzy convex, upper semicontinuous and compactly supported fuzzy sets on R n . We prove the existence of fuzzy fractional integral equations under compactness type conditions using the Hausdorff measure of noncompactness.
Preliminaries
Let R n denote the Euclidean space with norm . and let
A nonempty, compact and convex}.
K c (R n ) is a semilinear space under the operations defined as follows:
is a complete separable metric space with respect to the topology generated by the Hausdorff metric d H .
We denote by E n the space of all fuzzy sets u : R n → [0, 1] with the following properties:
(i) u is normal, i.e. there exists an x 0 ∈ R n such that u(
u is fuzzy convex, i.e. for all x 1 , x 2 ∈ R n , and for all λ ∈ (0, 1) we have
The fuzzy zero is defined by
The following operations define a semilinear structure on E n ,
where u, v ∈ E n and λ ∈ R.
The α-level set of fuzzy sets satisfy the following properties (see [25] ):
where d H is the Hausdorff metric. Then (E n , d) is a complete metric space (see [34] ). The metric d satisfies the following properties:
Let T ⊂ R be an interval. We denote by C(T, E n ) the space of all continuous fuzzy functions on T .
Let a > 0 and for
Lemma 2.1. [30] Let M be a nonempty set and let
The fractional integral of order β > 0 of u is given by
provided the expression on the right hand side is defined. We denote by S 1 F the set of all Lebesgue integrable selections of F :
If such an F has measurable selectors, then they are also integrable and S 1 F is nonempty.
The fractional integral of the function F : [0, a] → K c (R n ) of order β > 0 is defined by (see [17] )
Remark 2.1. From Theorem 2.1 of [20] , we know that E n can be embedded as a closed convex cone in a Banach space X. The embedding map j(·) : E n → X is an isometry and an isomorphism . Moreover, if
(2.1)
an integrable fuzzy function. Then for each fixed β ∈ (0, 1] and for each fixed t ∈ [0, a] there exists a unique fuzzy set v(t) ∈ E n such that
We show that the family {M α ; α ∈ [0, 1]} satisfies the conditions (i)-(iii) from Lemma 2.1. Since u α is measurable and integrably bounded then w α is measurable and integrably bounded. Hence by Theorem 2.1 we have
wα n , n ∈ N. Thus {w αn , n ≥ 1} is bounded by some integrable function. Since w αn are also measurable then Theorem 2.3 implies that t 0 w αn (s)ds → t 0 w α (s)ds with respect to the Hausdorff metric. Note that t 0 w αn (s)ds, n ≥ 1 is a decreasing sequence of compact sets and therefore it must converge to its intersection (see [19] ). Hence we get
This completes the proof. 
is defined by
that is, we have 
provided that the equation defines a fuzzy number
P r o o f. Indeed, using Lemma 2.3 and Theorem 5.6 from [20] , we have
2
For measurable functions f : 0, a) and for all w ∈ R + with |w| ≤ r, g(t, 0) = 0 for a.e t ∈ [0, a), and such that w(t) = 0 is the only solution of
(s, w(s))ds
with w(0) = 0.
Let E be a complete metric space. Let χ(A) denote the Hausdorff measure of nonempty bounded set A ⊂ E, defined as follows χ(A) = inf{ε > 0 : A admits a finite cover by balls of radius ≤ ε} .
Let A, B be two bounded subsets of E. Then, (i) χ(A) = 0 if and only if
The following property of χ is well known.
Lemma 2.5. [23] Let X be a separable Banach space and let A = {x n : n ≥ 1} be an integrally bounded sequence of measurable functions from [0, a] into X. Then the function t → χ{x n (t) : n ≥ 1} is measurable and
χ t 0 A(s)ds ≤ t 0 χ(A(s))ds, t ∈ [0, a].
Lemma 2.6. If A is a bounded subset in E n then j(A) is a bounded subset in Banach space X and χ(j(A)) ≤ χ(A) ≤ 2χ(j(A)), where j :
E n → X is an embedding map. P r o o f. Since j is an isometry, then χ E n (A) = χ j(E n ) (j(A)). Moreover, j(E n ) ⊂ X implies that χ j(E n ) (j(A)) ≥ χ X (j(A)) and hence χ E n (A) ≥ χ X (j(A)); that is, χ (A) ≥ χ(j(A) ). Next, we prove the other part of the inequality. Since j preserves the diameter of a set,
Using Remark 2.1 and Lemma 2.6, it is easy to prove the following result.
Lemma 2.7. [16] Let A = {u n : n ≥ 1} be a set such that {u n } n≥1 are integrable fuzzy functions from [0, a] into E n . Then the function t → χ{u n (t) : n ≥ 1} is measurable and
Existence
Consider the fuzzy fractional integral equation
We consider the following assumptions.
(H3) For all non empty bounded subsets A of E n we have
χ(F (t, A(t), V A(t))) ≤ 1 2 g(t, χ(A(t)))
for 
On the set Ω, we define the operator P :
For u ∈ Ω, we have F (s, u n (s), V u n (s)) and G(s) = F (s, u(s),  V u(s) ) and note sup
Hence the continuity of V and (H1) implies that P is a continuous operator. For each n ≥ 1, define the sequence
This implies that A is uniformly equicontinuous on I. For each fixed t ∈ (0, a] and δ ∈ (0, t), we obtain by the properties of the measure of noncompactness
For any given ε > 0 we can find δ such that
. Hence for each t ∈ (0, a], by property (vii) of the measure of noncompactness, we have
Also we can choose N δ ≥ 1 such that a/n ≤ δ for n ≥ N δ . Then by property (vii) of the measure of noncompactness, we have
for all t ∈ (0, a]. Thus, using the properties (i) and (v) of the measure of noncompactness, we obtain
Hence we have
By Lemma 2.7 and (H3), we have
We can do this argument for each ε > 0. Since χ(A(0)) = 0 and g is a Kamke function, we must have χ(A(t)) = 0 for all t ∈ I. Therefore, A(t) is a relatively compact subset of Ω ⊂ C([0, a], E n ). Then by the Arzela-Ascoli theorem (see [26] , Theorem 1.1.5), there exists a subsequence (and without loss of generality we assume its the whole sequence) {u n } n≥1 which converges uniformly on I to a continuous function u ∈ Ω. Now for t ∈ [0, a/n], we have
and for t ∈ [a/n, a], we have
Hence it follows that
then by (3.2) and the fact that P is continuous, we have
It follows that
is the solution of (3.1). 2
Remark 3.1. It is not difficult to see that the conclusion of Theorem 3.1 is also true if we replace the condition (H3) with the following condition:
for almost all t ∈ [0, a], where g : [0, a) × R + → R + is a Kamke function (see [4] , [27] ). 
χ(A(s)).
Therefore, if we put g(t, w) = 4aM w then g(t, w) is a Kamke function and by Remark 3.1 and Theorem 3.1, we deduce that the fuzzy fractional integral equation (4.1) has a solution on [0, a].
